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Dedicated to Professor Béla Csákány on his 60th birthday 
Algebras and varieties satisfying CEP were firstly investigated in [1]. There 
was proven the equivalence of CEP and PCEP in varieties and it was shown that 
such varieties cannot be characterized by Mal'cev type conditions. The aim of 
this paper is to give a term characterization of permutable varieties satisfying CEP 
and to give one modification of CEP. 
Recall that an algebra A satisfies the Congruence Extension Property (briefly 
CEP) if for every subalgebra B of A and each 0€Con B there exists $€Con A 
such that <P\B—0. A class of algebras satisfies CEP if each A^ has this property. 
Some notations: denote by 0A(x,y) the principal congruence on A generated 
by (x, y)£A2. If z1, ..., zn£A and s is an n-ary term over A, denote by s(z) the 
expression i(z l 5 ..., z„). If B is a subalgebra of A and 0£Con A, denote by 0\B 
the restriction of 0 onto B, i.e. 0\b=0O(BXB). For b£A and <96Con A, 
[b]e is a congruence class of 0 containing b. 
Theorem 1. For a variety % the following conditions are equivalent: 
(1) "V is congruence-permutable and satisfies CEP; 
(2) For every (1 +n)-ary term p there exists a 5-ary term q such that 
p(x, z) = q(y, x,y,p(x, z),p(y, z)), p(y, z) = q(x, x,y,p(x, z),p(y, z)). 
Proof . (1)=>(2): Let f be a congruence-permutable variety satisfying CEP 
and A=Fy(x, y, zi, ..., z„) be a free algebra of with 2+/i free generators 
x, y, z1, ...,z„. Le tp be a (1 +«)-ary term of "V. Let B be an algebra of generated 
by four generators: x, y, p(x, z), p(y, z). Then clearly B is a subalgebra of A and 
(p(y, z), p(x, z))£0Á(x, y)6Con A. 
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Since V satisfies CEP, it implies immediately 
(P(y, z),P(x, z))£0B(x, y)£ConB. 
Thanks to the congruence-permutability of "V, it implies the existence of a unary 
algebraic function T over B such that 
p(y, Z ) = r(x), p(x, z) = T ( > ) . 
Since B has four generators, there exists a 5-ary term q such that 
T(W) = q(w, x,y,p(x, z),p{y, z)), 
whence (2) is evident. 
(2)=>(1): Suppose "V~ satisfies (2). At first, we can choose the term p to be the 
first projection, i.e. 
p{x,zlt ..., z„) = x. 
By (2), there exists a 5-ary term q such that 
x = q(y, x, y, x, y) and y = q(x, x, y, x, y). 
Put t(x,z,y)=q(z, x,y, x,y). Then 
t(x, x, y) = q(x, x, y, x, y) — y 
t(x, y. y) = Qi.y, X, y, x, y) = x, 
thus i(x, y, z) is a Mal'cev term proving congruence-permutability of V. 
Now, suppose A^'V, B is a subalgebra of A, a, b, c, d are elements of B and 
(c, d)£0A(a, b)\B. Since Y is congruence-permutable, there exists an (1 +«)-ary 
term p and elements elt ..., en£A such that 
c = p{a,e1, ...,e„), d = p{b,ex, ...,en). 
By (2), there exists a 5-ary term q with 
c = q{b, a, b, c, d), d = q(a, a, b, c, d), 
thus <c ,d)£0 B (a ,b ) proving PCEP. By the Theorem in [1], PCEP and CEP are 
equivalent conditions in varieties, hence CEP is proved. 
Example 1. Let f be a variety of abelian groups. Then every (1 +n)-ary 
term p(x,zly ..., z„) can be written in the form 
p(x, z) = • z, 
where z=r(z1, ..., z„) for some «-ary term r and a£Z. Put 
q ( . T ; , Xo, .V3 , A-4 , -Y5) = x°2 • x{ " • x&. 
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Then (2) of Theorem 1 is satisfied: 
q{y» *> y,P(x, z), p(y, z)) = • y~a • ( y • z) = x" • z = p{x, z), 
q(x, x, y,p(x, z),p(y, z)) = xa-x~a-(ya-z) = y"-z = p(y, z). 
Now, we will investigate some modification of CEP. 
Def in i t ion . An algebra A satisfies the Strong Congruence Extension Property 
(briefly SCEP) if for every subalgebra B of A and each 0£Con B there i>€Con A 
with for each b£B. A class # of algebras satisfies SCEP if each 
has this property. 
It is evident that SCEP implies CEP. 
Example 2. Every Hamiltonian group satisfies SCEP. 
This example can be generalized for algebras: 
Lemma. Every algebra satisfying SCEP is Hamiltonian. 
Proof . Let B be a subalgebra of A. Put Q = BxB£Con B. By SCEP, there 
exists 3>£Con A with [b]® = B for each b£B, thus A is Hamiltonian. 
Theo rem 2. Let "V be a variety. Y satisfies SCEP if and only if Y is Ha-
miltonian. 
Proof . Let Y be Hamiltonian and B be a subalgebra of A^Y, b£B and 
06 Con B. By [2], Y satisfies CEP, thus there exists i>€Con A extending 0 . 
Since Y is Hamiltonian, B is a block of some Con A. For 0 * = V we have 
[b]e* = [b]®C\B=[b]0 proving SCEP. The converse implication follows by the Lemma. 
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